Objective of our paper is to present the Haar wavelet based solutions of boundary value problems by Haar collocation method and utilizing Quasilinearization technique to resolve quadratic nonlinearity in y. More accurate solutions are obtained by wavelet decomposition in the form of a multiresolution analysis of the function which represents solution of boundary value problems. Through this analysis, solutions are found on the coarse grid points and refined towards higher accuracy by increasing the level of the Haar wavelets. A distinctive feature of the proposed method is its simplicity and applicability for a variety of boundary conditions. Numerical tests are performed to check the applicability and efficiency. C++ program is developed to find the wavelet solution.
Introduction
Wavelets are mathematical tools that cut up data, functions or operators into different frequency components and then study each component with a resolution matching its scale. Much of the work on Haar functions was performed in the 1930s. In 1909, Haar discovered the simplest function now called as Haar wavelet. The integral of Haar family called Haar operational matrix was derived by Chen and Hsiao [1] in 1997. Since then the solutions of dynamical systems in a wavelet framework took tremendous growth. In order to take the advantages of the local property, many authors researched the Haar wavelet to solve the linear stiff systems and differential equations [2] [3] [4] .
Haar function is a rectangular pulse pair. It is infact the Daubechies wavelet of order one and is the simplest of the orthonormal wavelets with compact support. As shortcoming, Haar wavelets are not continuous; their derivatives do not exist at the points of discontinuities. Thereby direct application of Haar wavelet is not possible in solving differential equations but here one possibility is through integration of wavelets [2] . The proposed technique in this paper is based on collocation framework and utilizes the capabilities of Haar wavelet basis which permits to enlarge the class of functions through Quasilinearization. Our main concentration on the following type of nonlinear boundary value problems defined in the interval [a, b] .
subject to boundary conditions 
f is a continuous function, in case of nonlinearity of f is at most quadratic in y.
Preliminary Works

Haar Wavelets
Fourier transform analyzes the composition of a given function in terms of sinusoidal waves of different frequencies and amplitudes whereas wavelets analysis tells how a given function changes from one time period to the next. Wavelet analysis is also more flexible in sense that one can choose a specific wavelet to match the type of function being analyzed. 
The Haar scaling function for
and corresponding wavelet function
Also the graph of is shown in Figure 1 [1] . The orthogonality property puts a strong limitation on the construction of wavelets. It is known that the Haar wavelet is the only real valued wavelet that is compactly supported, symmetric and orthogonal. Thus Haar wavelets is orthogonal square waves family with magnitude and zero, generally written as
Multiresolution Analysis
Objective of this section is to construct a wavelet system, which is complete orthonormal set in The idea of multiresolution analysis is to represent a function f as
Figure1. First haar wavelet.
a limit of successive approximations and decomposition of the whole function space into individual subspaces 
is a Riesz basis in .
forms an orthogonal basis for
V by using the multiresolution analysis axioms. The space j V is used to approximate general functions by defining appropriate projection of these functions onto these spaces.
The vector space is the orthogonal complement of
In other words, we will let be the space of all functions in under the chosen inner product. See [5] for detail of MRA. As an example the space can be defined like 
Haar Wavelet Integration and the Quasilinearization Approach
The wavelets corresponding to the box basis are known as the Haar wavelets. (4) 
Consider the collocation points 0.5 , 2
The operational matrix P which is a square matrix is defined by (5) Remarkable that [3] considers integral of Haar wavelets as
and operational matrix is
But we have considered the integral of Haar wavelets as following: 
We also introduce the following notation for specific value of function
The Quasilinearization technique [6] is an application of the Newton-Raphson-Kantrovich approximation method in function space. This method is applied to solve a nonlinear order ordinary or partial differential equation in N-dimensions as a limit of a sequence of linear differential equations. The idea of the method is based on the fact that how to solve the nonlinear ODE's by Haar wavelets while there are no useful techniques for obtaining the general solution of a nonlinear equation in terms of a finite set of particular solutions. But we limit ourselves here for variables according to involved variables in nonlinear ordinary differential in the interval   the Haar wavelet series considered as function approximation in Quasilinearization technique which satisfies the boundary conditions of given problem. Then Quasilinearization procedure is adopted through Haar wavelet collocation method for getting the solution of concerning problems.
Error Analysis of Haar Wavelets
Let  and  are the scaling and the corresponding The following dilation relation holds:
with some and the family wavelets
, d 
Function Approximations
Orthogonality 
 
f t is piecewise constant or can be approximated as piecewise constant during each subinterval, then sum can be terminated to finite term as [8] 
t. the projection of f onto these spaces give finer approximation of the function f as . j   To demonstrate the applicability of Haar wavelets, we focus on the following nonlinear BVP's and utilizing C++ Programming and MATLAB Software. In finite element method the approximate solution can be written as a linear combination of basis functions which constitute a basis for the approximation space under consideration.
Here in Haar collocation method the series is taken as the highest derivative of given differential equation as a linear combination of Haar wavelet basis. and Equation (8) becomes
Efficiency of method for solution of second order BVP problem is depicted in Figure 2 , for j = 2 and j = 3.
Fourth Order Boundary Value Problem
Consider the fourth order nonlinear boundary value problem [10] 
Conclusions
For nonlinear differential equations the proposed Haar wavelet Quasilinearization approach is adopted. The test problems of this paper demonstrate that in solving nonlinear boundary value problems the Haar wavelet method coupled with Quasilinearization approach can successfully compete with the other efficient numerical methods such as Newton-Raphson based Haar wavelet method and analytic one. The main benefits of the Haar approach are simplicity (as a small number of grid points according to the resolution guarantees the necessary accuracy without iterations) and universality (as almost the same approach is applicable for a wide class of higher order differential equations with different types of nonlinearity).
